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Introduction

HE synthesis of a compensator using the output feedback is a

problem of great practical importance and has received wide
attention in the past two decades.! The quadratic optimal fixed-
order output feedback dynamic compensator is designed by itera-
tively solving the necessary conditions for optimality.? The same
formulation is used for designing static gain or dynamic compen-
sator. It has been shown?® that, if we start with a stabilizing initial
compensator, the iteration converges to a local minimum and that
the local minimum depends on the starting value * Several methods
that offer the initial stabilizing gains are quoted in Ref. 5. In Ref. 6,
a linear quadratic Gaussian (LQG) solution for the reduced-order
plant is taken as the initial value. Here, too, we find the LQG solu-
tion for the initial compensator. But our method differs from all of
the previous methods in many ways. First, we use a general struc-
ture of the compensator in which all of the elements are adjustable
through optimization. Second, we take a tracking system described
by physical variables and choose the feedback loop for the LQG
design such that it is equivalent to the dynamic compensator in the
feedforward loop. Third, we reduce the order of the compensator
to an acceptable low order. Starting with this, we find the optimal
compensator using the approximate loop transfer recovery (LTR)
technique* This Note is concerned with finding the initial values
for the compensatorparameters, reducing its order, and then obtain-
ing the low-order optimal dynamic compensator by applying LTR
technique for approximately recovering the full-state loop matrix at
the plant input. The method is applied to the design of autopilot for
a surface-to-airmissile.

Autopilot Configuration

The linear time invariant description of the pitch plane dynamics
of a missile is given by

x = Ax + Bu, ueR" (1)
y=Cx+ Du, y € R? ?2)
. =Cx+ Du, y, € R? 3)
vy =Cyx, vy €ER 4)

The variable y is the controlled output, and y, and y are the outputs
used for command tracking and feedback stabilization,respectively.
It is assumed that the pair (Cf, A) is observable. Therefore, Yy is
used as aninputto dynamic compensator with the Kalman filter as an
initial configuration. Let the dynamic compensator [G.(s)], shown
in Fig. 1, be describedas x, = A.x.+ B.u.andu = C.x.+ D u,,
where u, = [y, e]. Corresponding to the inputs, the matrices B,
and D, are partitioned as (B! B!] and (D! D!], respectively. The
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tracking error dynamics can be written as ¢ = R —y,. The aug-
mented plant dynamics can be described as

X A+BD/C,  BD'  BC, x 0
o |=|-Cc,—Dp,D/C;, —-D,D! —-DC.||e|+]|I|R
Xe Blc, B! A, xe 0
(5)
which can be written in the standard output feedback form as
x=(A+BGO)x+ B,R (6)
where
A 00 B 0
A=|-C 0 0], B=|-D, 0
0 00 0o I
C;, 00 y
- - D! D! C.
c=10 I 0], G = B/ Bf s
0 0 I ¢ ¢ ¢

x=[x e x.

Here all of the known quantities are combined in A, E, and C_’, and
all of the unknown parameters are in G.

Equivalent LQG Solution for Initial Gains

The initial stabilizing compensatoris found by the LQG solution
of an equivalentconfiguration (Fig. 1), which can be represented as

X A BK, BK, x 0
é|l=| -C, —-DK, -D,K, el+|I1[R
x K,C, BK, A-K,C,+BK, ||z 0

7

In Eq. (7), x is the estimated state vector and X is its time derivative.
K, and K, are the full state feedback corresponding to the plant
state x and the integrator state e, respectively. K, is the Kalman
filter gain. Now comparing Eqs. (5) and (7), we get

p/ b c] [0 K K, _G
B/ B A |K; BKy, A—K.C,+BK |
®

Optimal Solution for Approximate Loop Recovery

The necessary condition for minimization® of the performance
index

J(A.,B.,C.,D)=E, |:/ [x' Ox + u’CRuC]dti| 9)
0

Plant

x=Ax +Bu

Ve |Vt

Fig. 1 Autopilot configuration.
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requires the solution of the triple G, K, L satisfying

KM+ MK+ Q+CGRGC=0 (10)
LM +ML+X,=0 (11)
GCLC'+ R 'BKLC' =0 (12)

for a stable closed-system matrix M = A+ BGC.In Eq. (11), X,
is the variance matrix assumed for the initial state x,, which can
be taken as diag([BB’; x°]), where x° is small positive value cor-
responding to the compensator states. At the plant input, the return
signal from the full-state feedbackis u™ = K{x + KJe and that from
the reduced-order compensatoris u, = C., X, + Dcf,‘ Cyx + D! e.
(The subscriptr stands for reduced order.) For LTR, the objective is
to minimize error y; = u* — u,, which leads to the following index
of performance*:

J=E, [/ [yiyi + puLu,] dt} (13)
0

By defining Q,; as [(K} — DcfrCf), (K3 — D), —C,], we get
Q = Q70, and R = pl, for Eq. (9). Here the plant states are
[x, e, x.]'. Taking the preceding as the initial value, the optimal
compensator is computed.

Autopilot Design Example

The missile has wing (§,,) and tail (§,) as two independentinputs.
Here y, is sensed pitch (lateral) acceleration,i.e., latax, y is sensed

—0.0003 —0.0482 0.0375

. [ 00007 o.1168
re 0.2172

0.4301 —0.5994 —0.0044
0.0014

pitchrate g, and y is the latax at the center of gravity. The autopilot
is required to track only the latax with the rise time of about 0.2 s
and the overshoot and tracking accuracy of less than 10 and 5%,
respectively. The outer tracking loop is single input/single output
(SISO). The robustness requirement for the SISO loop broken at
point 1 in Fig. 1 is better than 6 dB and 30 deg for gain and phase
margins, respectively, with greater than 40-dB/decade rolloff. The
data are based on Ref. 7. The pitch dynamics without actuators is
described as

0 1 0
A= 0 —-0.39 -576.367
0.0056 0.999 —1.2902
0 0
B=|-2852 1150 |, C, =[0 -0.084 —858.213]

0.2239  0.0995

D, =[303.08 38.0], C=[0 —-0.24 -—1088.38]

D =[189.0 84], Cy,=[0 1 0]

The plant state vector x = [0 (attitude), g (pitch rate), o (angle
of attack)]’. The wing and the tail have second-order actuators
(w, = 90 rad/s, ¢ = 0.7 and w, = 150 rad/s, ¢ = 0.7, respec-
tively). The transmission zeros for the two-inputAwo-output plant
are at —6.78 x 1072! and —1.77 x 10~*. The open-loop eigen-
values are (—0.00556, —0.84 £+ 23.99). To find a low-order ini-
tial compensator, the plant without actuators is considered. After
augmenting the plant with the integrator (Fig. 1), linear quadratic
regulator (LQR) design is carried out with the weighting matrices
as O = diag([0.001;0.01;0.01;0.0005]) and R = I,. The weights
corresponding to ¢ and « are selected higher so that the speed of
response and damping are satisfactory. The speed of step response
and steady-stateaccuracy are improved by selecting nonzero weight
on e. The weight on 6 is kept an order lower than that on g. For the

Kalman filter design, the process noise covariance matrix is chosen
as diag([0.05; 0.05; 0.0025]), which is higher than Q selected for
LQR, to get faster filter dynamics. Based on the noise characteris-
tics of the rate gyro, the measurement noise covarianceis chosen as
10~2. Here the aim is to get only an initial stabilizing compensator.
The corresponding gain matrices are

[ 0.0006 0.1080 1.1761 o _ [ 00223
"7 1 -0.0003 —0.0398 —0.1395]" 71 =0.0012

The Kalman filter gainmatrix K ; = [—1.4495,10.3241, —0.0951].
A third-order (same as that of the plant) compensator is obtained
from Eq. (8), which is then reduced, using Hankel norm minimi-
zation? to a first order (G.) given as

A, =[-95.0403],

[ 0.2545 }

CC}‘ = b
—0.0595

We now apply approximate LTR technique to get the optimal com-
pensator. For this, full-state feedback gains K| and K (Fig. 1)
are worked out for the full-order plant with states as x = [0, q,
a,8,, 84,8, 8, el Inthiscase, Q = diag([0.001;0.01;0.01;1073;
107%; 107%; 107%; 0.0005]) and R = I, are chosen. Note that very
low (1073) weights corresponding to the actuator states are added

(because there is no need to move them) and the rest of the weights
are the same as before. The feedback gain matrices obtained are

K 0.0222
27 —0.0027

The optimal compensator found as

A, = [-74.3922],

c 24211 b - —0.2177 0.1583
‘767860 © 71 —0.8894 0.4098

B, = [10.4414, —5.1727]

o 00223
710 —0.0012

0.1213  0.0005
—0.0529 —0.0007 |’

B, =[8.1257, —3.9665]

gives the closed-loop eigenvalues as [—0.01, —65.02, —188.92,
—42.01 £ 137.78j, —23.1 £ 42.19j, —14.12 £9.48j]. Note that,
with the reduced-order compensator, full recovery is not possible.*
In this example, p could not be reduced below 0.3 without increas-
ing overshootsin the step response. However, the compensator thus
obtained offers a practically acceptabledesign, as shown by the step
response in Fig. 2. The control deflections are 0.1 and 0.25 deg for
8, and §,, respectively. The gain and phase margins obtained are
17 dB and 90 deg, respectively, with about 40-dB/decade rolloff.
The robustness check with 30% variation in moment and force co-
efficients give 2% overshoot in the step response and a 1-dB de-
crease in the gain margin along with a 2-deg decrease in the phase
margin.

1.2
| R= Step input
e 0.8
§ y= Output (compensated)
~ I
g 0.6
5 AN
S 04r- y= Output (fuli state feed back)
o
0.2
o 1 1 ! 1 ! 1 1
Q 0.05 0.1 0.15 0.2 0.25 03 0.35 04

time (sec.)

Fig.2 Time history for a step latax command input.
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Conclusion

A method is developed to find the initial stabilizing low-order
output feedback dynamic compensator by using the LQG solution
for an equivalent configuration and reducing the order. The com-
pensator found by employing an approximate LTR technique offers
a design with good performance.
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I. Introduction

HE concept of a multiprobe tether has been recently proposed
as a feasible configuration for a mission to collect data in the
lower thermosphere.! Such a mission would be extremely valuable
to atmospheric scientists who need to understand the cooling pro-
cesses of the lower thermosphere, which are linked to global warm-
ing of the troposphere and ozone depletion in the stratosphere. The
altitude of interest, 120-150 km, is not accessible to balloons or
satellites. The atmosphere in this region is too rarefied for balloons
and too dense for satellites. A long tether would allow probes to be
lowered deep into the atmosphere from an orbiter positionedabove.
The multiprobe configuration offers the opportunity to measure the
vertical gradient of the atmospheric properties under investigation.
There are also other interesting applicationsfor long tethers, such as
wind-tunnel experiments under actual conditions and stereoscopic
remote sensing of the Earth’s surface 2
This Note treats the dynamics of a dual probe, where two probes,
closetoeachother, are located at the far end of the tether. The system
is designed to operate at the desired low altitudes and keep the tether
oscillations bounded and small. The purpose of this research is to
gain a preliminary understanding of the system dynamics suitable
for a feasibility study and to select preliminary values of param-
eters for further investigation. The guideline of the research is to
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examine the influence of the various parameters on the system sta-
bility, assuming that the system starts from stable conditions (partic-
ularly, zero amplitude and zero rate). Small perturbationsand modal
analysis techniques are applied for analyzing the linear, i.e., small
amplitude, motion. The nonlinear motion is analyzed by means of
a systematic parametric study that uses numerical simulations and
stroboscopic mapping techniques.

II. Model

The system under investigation consists of two small probes, m
and m,, attachedto a tether connectedto a massive orbiter with mass
M and orbitalradius r. The tether length between the orbiter and the
first probe is L, and the length between the probesis L,. Typically
my; =200kg, m, = 40-200kg, and M =90,000kg. Thus, the typical
value of the probe mass ratiois 0.2 < ¢,, < 1, where €,, =m,/m;.
The second dimensionless parameter is the length ratio, defined as
€; =L, /L,.Thelengthofthe dual tetheris about 100 km (L, + L,).
Because L, typically is shorter than the local atmospheric scale
height,i.e., 5 km, €; is a small parameter, i.e., ¢, < 1. The orbiter
moves in a small eccentricity orbit(e < 0.01) around the Earth at an
altitude of 220-250 km. Therefore, although the orbiter may be con-
sidered as drag-free for the duration of the mission, the atmospheric
perturbationsare significant when dealing with the dynamics of the
probes. Generally speaking, the system dynamicsis extremely com-
plicated and requires tedious modeling and simulations. Because
this research is primarily a parametric investigation, a reasonable
model reduction must be applied to identify the characteristic dy-
namic behavior of the system. The main assumptions are that all
satellites are in a single orbital plane, the satellites are point masses,
and the tether is inelastic and massless. These are classic assump-
tions adopted by many authors working on tethered systems.?

The desired equations for the pitch tether angles «; and «, in
terms of the true anomaly 6 as the independentvariable are derived
from the Lagrangian function L = K — V. The kinetic energy K
and the potential energy V are as follows:

K=4MV} +im (Vi + €, V3)
= 1M + (1 +€,)m 162 +r26%) + tm [L3(1 +¢,)
x (&) +6)? + 2L (1 + €,)(a; +6)(F sina; —rf cosa,)
+en L2 (@ + 0)? + 26, Ly (6, + 6) (7 sina, — 16 cosa,)

+26, L1 La(cty +6) (6 + 6) cos(ey + ) | (1)

and

M 1 €m
r ry I

neM e (l +€m)ml|: L,
= — — 1+ —cosa
r r r
lLf €, Lo, L, L,
—=—=(1—-3cos’a,) + — +0
27 ( cos (xl) e r CcOS o

2)

where V; representsthe velocity of the j massand () are time deriva-
tives. Equation (2) is aresultof a small-lengthratio expansion, where
terms of orders of magnitude {(L,/r)*> < L|L,/r*} < (L,/r)* are
neglected. The equations of motion derived from the Lagrangian
function are then expressed in terms of the true anomaly as follows:

(1 + €, sin? Aoe)(l +ecos O)a) — 2(1 + €, sin’ Aoe)e sinfo)
1
+ Ee,,,a +ecosf) (e + 1)* sin2Aa
+e,e. (14 ecosh)(a) + 1)? sin Aa

3
—2¢,, e sinf sin®> Aa + 5(1 + €,)sin 2

cos Aa QM) 3)

€r

. S|
= 2esinf + — Qo —

Mo mlL%



